In this study, an optimality criterion is presented for thickness optimization of plate structures with geometric nonlinearity. The optimization problem considers the thickness of each element of the finite element mesh as a design variable and aims to maximize the load-carrying capacity of the structure subject to constant total volume. The result of the thickness optimization of a nonstiffened panel is then used for locating the potential places to add the stiffeners. It is shown that the load-carrying capacity of the original panel may be improved significantly while having the same volume of material. Application of the method is illustrated by numerical examples.
Introduction
Structural optimization can be used to improve a design by changing the geometrical properties of the structure, considering a set of design constraints. In structural optimization, the thickness, shape, or topology of the structure is iteratively changed until an optimal design is achieved [Bendsøe 1989; Bendsøe and Mota Soares 1993; Rozvany 1997; Maute et al. 1998; Bendsøe and Sigmund 1999; 2003; Lógó and Ghaemi 2002] . Developing design optimization techniques that efficiently combine the iterative optimization process and iterative analysis of nonlinear structures is a challenging and complex task which has not yet received sufficient attention. Optimization based on nonlinear mathematical programming techniques involves many evaluations of the objective function and constraints at each optimization iteration before a new search direction and step size can be established. This makes the design optimization of nonlinear structures computationally very expensive, as nonlinear analysis by itself is a highly iterative process.
Optimality criterion methods may significantly reduce the time and cost of the optimization process in nonlinear structures. Optimality criteria could be in the form of intuitive criteria, such as fully stressed design (FS), simultaneous failure mode design (SFM), uniform strain energy density design (USED), constant internal force distribution design (CIFD), or mathematically defined equations, such as classical optimality criteria method (COC), dual optimality criteria method (DOC), and general optimality criteria method (GOC) [Lógó 2005 ].
Gallagher [1973] pointed out that the fully stressed design (FS) criterion is inadequate for minimum weight design of structures. Prager and Taylor [1968] showed that the optimum structure with uniform material properties and linear relation between the stiffness and volume has a uniform energy density distribution. A similar criterion was proposed by Venkayya et al. [1968; 1969] for discretized structures, stating that the average strain energy density is the same for all elements of the optimum structure. Later, Venkayya [1971] developed a more general form for the optimality criteria stating that the ratio of strain energy to strain energy capacity is constant for every member in the optimum structure.
Keywords: thickness optimization, optimality criterion, stiffened plates, geometric nonlinearity. Berke [1971] proposed an algorithm to satisfy the optimality criteria, considering that if a criterion works for statically determinate structures, then it would converge in a few iterations for most indeterminate structures (in the same manner as the FSD criterion). Berke's work was extended to multiple constraints by Gellatly and Berke [1971; who proposed the envelope method for multiple displacement constraint structures. Nagtegaal [1973] directly used the displacement constraint equations to formulate an iteration scheme using the Lagrange multiplier. Berke and Khot [1974] proposed an intuitive iteration scheme for Lagrange multipliers. Khot et al. [1979] applied classical optimality criteria method for both stress and displacement constraints. For a more detailed literature survey on optimality criteria methods, the reader is referred to a recent paper by Lógó [2005] .
The main focus of the present study is to find the optimum location of the ribs in stiffened panels. Layout optimization problems for rib reinforcement were considered almost two decades ago by Bendsøe and Kikuchi [1988] . An overview of the research in layout and topology optimization is given in the paper by Rozvany et al. [1995] . Stok and Mihelic [1996] presented a method to identify the rib location by performing thickness distribution. Chung and Lee [1997] employed a topology optimization technique to identify the size of the ribs for a predetermined rib layout. Lee et al. [2000] have used modal design sensitivity analysis for topology optimization of an automobile hood. Lam and Santhikumar [2003] developed a method to find the optimum locations of the ribs subject to design constraints using thickness optimization with the uniform strain energy density criterion. All of the above mentioned studies on the stiffened panels are based on linear analysis, whereas many plate and shell structures may display nonlinear behavior under applied loads.
In this study, first an optimality criterion, called uniform average of strain energy variation (UASEV), is developed for thickness optimization in the general case of the combination of membrane and bending deformations. It will be shown that the USED criterion (with strain energy density defined as the strain energy stored in unit volume) cannot be used for thickness optimization, unless the structure is in pure membrane or in pure bending mode. Subsequently, the result of the thickness optimization with the proposed criterion is used for locating the ribs on the original panel. It is shown that the load-carrying capacity of the original panel subject to design constraints may significantly be improved with the same volume of the material. Illustrated applications are also presented.
Optimality criterion for thickness optimization
In this section, an optimality criterion is developed for thickness optimization of plates and shells modeled by finite elements. In our study, the thickness of each element in the finite element mesh is considered as a design variable, and an optimization criterion is found subject to constant total volume (Figure 1) .
We assume that a plate or shell structure with uniform material properties is modeled by N facet elements. This structure is analyzed under the conservative and proportional nodal force vector λR in which R is a constant reference nodal force vector, and λ is a load level factor which can be gradually increased until a design constraint (displacement, stress, or stability constraint) is violated. At this instant, λR is called the load capacity of this structure with respect to design constraints. The optimization problem is to find the optimum thickness t i (i = 1, . . . , N ) for each element in order to maximize λ subject to constant total volume of the material (that is, V = V 0 , where V is the total volume of the material.) Figure 1 . Concept of thickness optimization subject to constant volume.
The Lagrangian for this optimization problem is
where µ is the Lagrange multiplier. The Karush-Kuhn-Tucker (KKT) conditions [Arora 1989 ] for minimization of L with respect to each design variable t i results in
Thus
where A i is the area of the ith element. Now we write the total potential energy of the structure, assuming that the load is conservative and proportional as
where u and λR are the nodal displacement vector in the global coordinate system and the vector of the applied loads, respectively, and e i is the strain energy of the ith element. Considering opt as the total potential energy associated with the optimum design, the equation = opt should also be satisfied for the optimum design. Taking the derivative from both sides of this equation with respect to each design variable t i (noticing that u and λ are also functions of the design variable t i ) we have
where m is the number of the nodal displacement components. From the principle of stationary total potential energy we have ∂ ∂u = 0, thus Equation (6) changes to
in which ∂ ∂λ has been substituted by −u T R. Substituting for
from Equation (7) into Equation (4)
This equation (hereinafter called the uniform average of strain energy variation (UASEV) criterion), states that a design in which the value ofẽ i =
is the same for all elements is a candidate for optimality. It should be noted that since the second variation of the Lagrangian is not examined in this study, this optimality criterion is only an empirical local-optimality condition. Also, since this criterion is satisfied only at the final load (load capacity), it assumes monotonic structural behavior and excludes path dependency.
In the case that the structure is made of an isotropic material with the Poisson's ratio ν and the Young's modulus E • , the strain energy of the ith element is computed as
where D
(1) i and D
i are the membrane and flexural stiffness matrices at the location of the ith element with thickness t i
and
are the membrane and flexural strains in the mid-surface of the ith element, respectively. Now the average strain energy variation can be described as
One can easily see thatẽ i computed by Equation (12) in the general case of combination of membrane and bending deformations is different from the strain energy density, which is usually defined as e i /(t i A i ):
As a result, thickness optimization of plates and shells using a uniform strain energy density criterion with the values computed by Equation (13) in the general case of the combination of membrane and bending deformations is unjustified. However in case of pure membrane strain energy (that is, {ε
• b } = 0), using USED criteria instead of UASEV leads to the same result (because in this case Equations (12) and (13) are equivalent). Also, in the case of the pure bending strain energy (that is, {ε • m } = 0) results are again the same, since based on Equations (12) and (13), uniform distribution ofē i and uniform distribution of e i in the case of {ε • m } = 0 are equivalent by a scale factor of 3. Considering element thicknesses as the design variables is not the only possible approach in thickness optimization. One may instead consider nodal thicknesses as the design variables, which has the advantage of leading to a smooth thickness profile. However in that case, the related equations are more complicated, since each design variable is connected to more than one element. For example, ∂ V/∂t i is no longer equal to A i when passing from Equation (3) to Equation (4) , or ∂e i /∂t i in Equation (6) changes to the summation of the same term for all elements sharing the nodal thickness t i . In Section 4 it is explained how using the proposed method with linear interpolation can lead to a smooth thickness profile as well.
Recurrence relation
In order to satisfy the UASEV criterion, a resizing algorithm has to be employed in the optimization process. First, we rewrite Equation (9) assuming that at the optimum design µu T R = 1/ ,
Thus 1 = ẽ i .
A recurrence relation for resizing the thickness of each element may be written by multiplying both sides of Equation (15) by t i and taking the r th root as
where υ + 1 and υ are the iteration numbers, and r is the step size parameter which can be changed by assigning appropriate value [Stok and Mihelic 1996; Lam and Santhikumar 2003] . The value of at the optimal design may be found from Equation (15) by minimizing the sum of the squares of the residuals at iteration υ as
Substituting Equation (18) into Equation (16) we finally obtain the recurrence relation
which is used to optimize the thickness of each element iteratively. In order to keep the total volume equal to constant V 0 , after each iteration, all t i are scaled by a scale factor β:
The iterative process of thickness optimization may be stopped when the following condition is satisfied:
where (λR) 1 and (λR) υ are the changes in the load capacity of the structure in the first and υth iterations respectively, and tol is usually chosen in the range of tol ≤ 10 −2 , depending on the accuracy required.
Methodology
After performing the thickness optimization, the optimal shape is still rough and should be smoothed by passing to nodal thicknesses. The thickness of the plate at each node is found by taking the average of the thicknesses of all elements connected to that node. Then, a smooth thickness profile may be created by linear interpolation using nodal thicknesses. Finally the regions where elements have higher thickness values are identified as potential rib locations.
In the next step, stiffeners with variable height according to the results found in the first step are added to the plate with constant thickness. The height of the ribs varies proportionally to the obtained thickness distribution, but not more than a maximum value considered in the design constraint. Finally, thicknesses of the plate and stiffeners are found such that the constant volume constraint is satisfied. The whole process may be repeated to find additional stiffeners.
As an example, Figure 2 shows how the potential locations for adding the stiffeners are found for a simple plate. Variation of the thickness after performing the thickness optimization is shown by thickness contours. Considering the cross sections of the plate at different locations, one can identify the locations of the local maximum thickness at each section. The lines which connect these points of local maximum thickness are called the lines of maximum thickness, and are selected as the potential locations for stiffeners. Any design constraint or limitation is also considered in locating the stiffeners. The locations and the directions of the sections are arbitrary, and usually they are selected by the designer in a way to perform the design with the least number of sections. Obviously, the final design may not be completely unique, and will somehow depend on the designer's point of view.
This method is similar to the one used by Stok and Mihelic [1996] and Lam and Santhikumar [2003] , except that in their studies, the USED criterion was used instead of UASEV. As mentioned before, it is important to note that in the general case of the combination of membrane and bending deformations, using the USED criterion instead of UASEV is unjustified, and only in the case of pure membrane or pure bending behavior are the results the same.
In topology optimization a checkerboard pattern, which is an unnatural result with artificially high stiffness, may frequently occur [Díaz and Sigmund 1995; Jog and Haber 1996] . Several techniques have been proposed to avoid such a checkerboard pattern as an optimal solution [Poulsen 2002; Sigmund and Petersson 1998; Zhou et al. 2001] . In this study we use a simple procedure similar to the one used by Gáspár et al. [2001] , in which a primary meshing is subdivided into further finite elements called secondary elements. In this study, first a primary mesh is considered with square elements, and then each square in the primary mesh is divided into two triangular elements. The new thickness of each square in the primary mesh (after each iteration) is found by taking the average of the new thicknesses of its two triangular elements.
Strain energy for most of the elements available in literature is not accurate when used in coarse meshes [Felippa 2003 ]. This makes the problem of thickness optimization very expensive, since a large number of elements is needed in nonlinear analysis to get a desirable accuracy. On the other hand, when modeling the ribs in stiffened plates (after performing the thickness optimization and selecting the potential places to add the ribs), it frequently happens that some elements have very high or very low geometrical aspect ratios in the stiffener parts. Response of these elements can affect the response of the whole structure, leading to erroneous results about the behavior of the stiffened plate [Felippa 2003 ]. Thus, it is preferable to model the structure with an element which has the least aspect ratio sensitivity and highest accuracy for strain energy.
The element in this study is a facet triangular shell element with 3 nodes and 6 degrees of freedom per node (3 translations and 3 rotations) [Khosravi et al. 2007 ]. This element is a combination of the discrete Kirchhoff triangular plate bending element (DKT) [Batoz et al. 1980] , and the optimal triangular membrane element (OPT) [Felippa 2003 ]. The OPT membrane element has been formulated based on the ANDES (assumed natural deviatoric strain) template, and for any arbitrary aspect ratio its strain energy is accurate. In a recent paper [Khosravi et al. 2007] , it has been shown that using this element leads to acceptable results even in case of relatively coarse meshes. As a result, the cost of the optimization in a nonlinear regime may be extensively reduced using this element.
In this study, a corotational approach is used to analyze the structure with geometric nonlinearity. In this approach the contribution of the rigid body motion to the total deformation of the element is removed before performing the element computations. This enables one to upgrade the structural elements so as to treat problems with large rotations but small strains. For a detailed explanation of the shell element used in this study and the corotational nonlinear analysis using triangular facet elements, the reader is referred to [Khosravi et al. 2007] . In order to follow the nonlinear load deflection path, the arc length method [Crisfield 1981 ] is used.
It should be mentioned that recently some doubts have been raised about the mathematical convergence of facet elements [Chapelle and Bathe 2003] . In particular, when refining the mesh, finite element solutions are expected to converge to the exact solution of a well-defined mathematical model. However, some numerical experiments have shown that facet shell elements may not exactly converge when the mesh is refined, although their results lie within a few percent of the reference values [Chapelle and Bathe 2003] . It is believed that the best shell elements are formulated using 3D continuum mechanics incorporating shell theory assumptions. However facet elements are used in this study since the formulation of a corotational approach using curved elements is extremely difficult to perform and is not even well developed.
Numerical results
In this section, four examples are presented. In the first and second examples, the proposed UASEV criterion is used for thickness optimization of plate structures, and results are compared with those found by using the USED criterion, that is, Equation (13) instead of Equation (12). The third and fourth examples show the application of thickness optimization in stiffener location and load capacity maximization of plates subject to constant volume. In all examples, Equations (19)- (21) with tol = 10 −2 are used for thickness optimization.
Example 1. Figure 3 shows a cantilever plate subject to the shear load F and axial force P = 20 F at the tip. The dimensions of the plate are 40 cm × 4 cm with overall thickness t = 0.4 cm, and the plate is made of isotropic material (steel) with the following mechanical properties: E = 200 GPa, G = 77 GPa, ν = 0.3.
The objective is to perform the thickness optimization in order to maximize the load capacity F subject to constant volume. It is assumed that the load capacity F is found based on the displacement W = 1 cm, where W is the vertical deflection at the tip of the plate. The plate is modeled by 40 triangular elements, and due to symmetry, only half of the plate is analyzed.
Nonlinear analysis results in F = 49.81 N as the initial load capacity of the plate. Figure 4 shows the results of thickness optimization subject to constant volume, using UASEV and also USED criteria. In both cases, convergence is achieved in 5 iterations, with r = 2 as the step size parameter. Nonlinear behavior of the plate optimized by UASEV and USED criteria is also shown in Figure 5 . It is observed that optimization using the UASEV criterion increases the load capacity of the plate to F = 150.36 N , compared to F = 131.16 N obtained by using USED criterion. In Figure 5 , it is interesting to note that in the range of W ≤ 0.75 cm, the load capacity of the plate optimized by UASEV criterion is slightly less than that of the one optimized by USED; however since the optimality criteria are applied at the limit point (that is, W = 1 cm), UASEV finally overcomes USED and leads to a higher load capacity.
Example 2. Figure 6 shows a simply supported square plate under the biaxial compressive edge forces N x = N y . The dimensions of the plate are 80 cm × 80 cm with overall thickness t = 0.4 cm, and the plate is made of isotropic material (steel) with the following mechanical properties: E = 200 GPa, G = 77 GPa, ν = 0.3.
In order to initiate the lateral deflection, an imperfection in the form of a half sine wave with the maximum value 1 mm at the center of the plate is considered. The objective is to optimize the thickness of the plate, while having the same total volume, in order to maximize the load capacity for W = 0.4 cm, where W is the vertical deflection at the center of the plate. The plate is modeled by 800 triangular elements, and due to symmetry only a quarter of the plate is analyzed. Performing the nonlinear analysis results in N x = N y = 369.5 N/cm as the initial load capacity of this plate. Figures 7a and 7b show the results of thickness optimization subject to constant volume for a quarter of the plate using Equations (19)-(21) in 8 iterations, and UASEV and USED criteria, respectively. In both cases r = 4 has been considered as the step size parameter. It is observed that optimization based on USED criteria tends to reduce the thickness in the middle of the plate, and to increase it on the corners and mid-sides. Instead, UASEV criterion tends to reduce the thickness on the mid-sides and to increase it on the corners and somewhat in the middle. Figure 8 shows the change of load-carrying capacity of the plate during the thickness optimization. Nonlinear analysis of an optimal plate under the applied loads shows that the load capacity of this plate has been increased to N x = N y = 584.3 N/cm, and N x = N y = 509.2 N/cm for UASEV and USED criteria, respectively, while having the same total volume. Although using any one of these two criteria increases the strength (or load capacity) of the plate, it is obvious that the UASEV criterion is more efficient than that of USED.
Example 3. In this example the application of the UASEV criterion is shown for thickness optimization, and subsequently stiffener location in a stiffened plate. Figure 9 shows an 80 × 80 cm simply-supported square plate with overall thickness t = 0.4 cm and a 24 cm × 24 cm square hole in the center. Loading and material properties are similar to those in the previous example. Also, an imperfection in the form of a half sine wave with the value of 1 mm around the central hole is considered to initiate the lateral deflection. The objective is to optimize the thickness and find the potential stiffener locations subject to constant volume, in order to maximize the load capacity for W = 0.4 cm, where W is the deflection at Figure 8 . Change of load-carrying capacity of the plate shown in Figure 6 during the thickness optimization using USED and UASEV criteria. the midpoint of the hole edges. In this example, the following design constraints should also be satisfied for the final design:
• The maximum height of the stiffeners is 5 cm.
• The stiffeners and the plate have the same thickness in the final design.
Similar to the previous example, a quarter of the plate is modeled by 182 triangular elements. Performing the nonlinear analysis results in N x = N y = 290.8 N/cm as the load capacity of this plate for W = 0.4 cm. Thickness optimization is performed using the UASEV criterion with r = 4 as the step size parameter. The iterative process converged after 9 iterations. Variation of the thickness for a quarter of the plate, based on the results of thickness optimization subject to constant total volume is shown in Figure 10 . Load carrying capacity of this plate after performing the thickness optimization, has increased to N x = N y = 654.3 N/cm.
Based on this shape, and predefined design constraints mentioned above, stiffeners are located on the lines of maximum thicknesses (as shown in Figure 11 ) on a plate with constant thickness. Height of the stiffeners are proportional to the thickness of the elements, with the maximum value of 5 cm according to the first design constraint. Keeping the total volume equal to the initial volume 2329.6 cm 3 , and considering the same thickness for stiffeners and plate (per the second design constraint) a new overall thickness of t = 0.36 cm is found for the plate and the stiffeners. A nonlinear analysis of this stiffened plate shows that the load capacity has increased to N x = N y = 560.4 N/cm compared to N x = N y = 290.8 N/cm for the initial plate, however it has been reduced compared to N x = N y = 654.3 N/cm for the plate with optimized thickness. Example 4. A plate similar to the one in Example 3 is considered under the downward surface load q. Boundary conditions are similar to those in Example 3 except that in-plane deflections are not allowed for all four edges. As a result, membrane forces arise during the deflections due to bending. The objective is Figure 10 . Result of thickness optimization (cm) for a quarter of the plate shown in Figure 9 . Thicknesses of the sections have been exaggerated for better view.
to maximize the load capacity for W = 0.3 cm using UASEV criterion, subject to constant total volume. The following design constraints should also be satisfied in this problem:
• The maximum height of the stiffeners is 10 cm.
• The thickness of the stiffeners is 0.4 cm. A quarter of the plate is modeled by 182 triangular elements. Also, we can see that a nonlinear analysis results in q = 0.318 N/cm 2 as the load capacity of this plate. In the next step, UASEV criterion with r = 4 is employed for thickness optimization. The new thickness distribution and potential locations for stiffeners are shown in Figure 12 , and are found after 9 iterations. The load-carrying capacity of this plate after performing the thickness optimization has increased to q = 0.865 N/cm 2 . Figure 9 with hinged supports (u = v = w = 0 at the edges) under the downward surface pressure load. Thicknesses of the sections have been exaggerated for a better view. Figure 13 shows the stiffeners located on the lines of maximum thickness, with their height proportional to the new thickness of the elements, but not more than 10 cm, and their thickness equal to 0.4 cm according to the design constraint. Keeping the total volume equal to the initial volume, a new thickness t = 0.339 ≈ 0.34 cm is found for the plate. Nonlinear analysis shows that the load capacity for W = 0.3 cm has increased to q = 1.26 N/cm 2 compared to q = 0.318 N/cm 2 for the initial plate, and compared to q = 0.865 N/cm 2 for the plate with optimized thickness. It should be mentioned that once the ribs are placed on a plate, structural behavior of the plate changes considerably. Thus, as mentioned before, it seems appropriate to repeat the optimization process for the stiffened plate, to obtain any further possible stiffener locations, and also modify the heights of the previously located stiffeners. Figure 14 shows the result of the optimized plate in Example 4 after the second round of optimization. It may be seen that a new series of stiffeners are found and the heights of the previous stiffeners have also been modified. Performing nonlinear analysis, the load capacity of the stiffened plate after the second round of optimization is found to be q = 1.57 N/cm 2 compared to q = 1.26 N/cm 2 after the first round.
Conclusion
In this study a methodology for rib location and design optimization of stiffened plates based on an optimality criterion for thickness optimization is presented. The optimality criterion for thickness optimization (called UASEV in this study) states that in an optimum design, the derivative of the strain energy with respect to the thickness, over the area of element, is the same for all elements. It was shown that in the general case of the combination of membrane and bending deformations, using the USED criterion instead of UASEV is unjustified. Only in case of pure membrane or pure bending behavior are their results the same. Applying the proposed criterion through an iterative process, it is possible to find the potential locations to add stiffeners and increase the strength of the plate while consuming the same amount of material.
